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TRANSITION FRONTS IN NONLOCAL FISHER-KPP EQUATIONS IN 

TIME HETEROGENEOUS MEDIA 


WENXIAN SHEN AND ZHONGWEI SHEN 


Abstract. The present paper is devoted to the study of transition fronts of nonlocal 
Fisher-KPP equations in time heterogeneous media. We first construct transition fronts 
with exact decaying rates as the space variable tends to infinity and with prescribed in¬ 
terface location functions, which are natural generalizations of front location functions in 
homogeneous media. Then, by the general results on space regularity of transition fronts 
of nonlocal evolution equations proven in the authors’ earlier work (ESI), these transition 
fronts are continuously differentiable in space. We show that their space partial derivatives 
have exact decaying rates as the space variable tends to infinity. Finally, we study the 
asymptotic stability of transition fronts. It is shown that transition fronts attract those 
solutions whose initial data decays as fast as transition fronts near infinity and essentially 
above zero near negative infinity. 
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1. Introduction 

In the present paper, we study transition fronts of nonlocal dispersal equations of the 
form 

Ut = J * u — u +f(t,u), (t, i) C 1 x I, (1.1) 
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where the dispersal kernel J satisfies 

(HI) J#0, J £ C' 1 (M), J(x) = J(—x) > 0 for all x £ M, f R J(x)dx = 1 and 

/ J(x)e Xx dx < oo, / \j'(x)\e Xx dx < oo for any A € R. 

Jr Jr 

We assume that / is a Fisher-KPP or monostable type nonlinearity, that is, / satisfies 

(H2) / : M x [0,1] —> R is C 1 and C 2 in its first variable and second variable, respectively, 
and satisfies the following conditions: 

— f(t, 0 ) = f(t, 1 ) = 0 and f(t, u) > 0 for all (t, u) £ R x ( 0 , 1 ); 

— there exists 0\ £ (0, 1 ) such that f u (t,u ) < 0 for all u £ [9\, 1]; 

— sup (t|U)eRx [ 0 > 1 ]max{|/ t (i,u)|,|/ u (i,u)|,|/ uu (t,«)|} < oo; 

— there exists a C 1 function g : [0, 1 ] —> R satisfying 

* g( 0) = 5(1) = 0 < g{u) for u £ (0,1), 

* g u ( 0 ) = 1, g u ( 1 ) > — 1 , g u is decreasing and f ( ] " {'J^ du < oo 
such that 

a(t)g(u) < f(t, u ) < a(t)u , (t, n) G R x [ 0 , 1 ], 

where a(t ) := f u (t,0) satisfies ai n f := inf te R aft) > 0. 

The decaying assumptions on J are used implicitly in some places of the present paper. 
For example, to ensure Proposition II.21 below, we need A > r (see the proof of [251 Theorem 
1.3]). Here is a typical example of the function /, i.e., f(t,u ) = a(t)u( 1 — u). Equation 
m with J and / satisfying (HI) and (H2) arises in, for example, population dynamics 
modeling the evolution of species. In which case, the unknown function u(t, x) would be 
the normalized population density, the operator v i —> J *v — v models nonlocal diffusion and 
f(t,u ) is the logistic-type growth rate. For equation (II.ID . solutions of particular interest 
are global-in-time front-like solutions, more precisely, transition fronts, since they play the 
key role in describing extinction and persistence of the species. 

Recall that a global-in-time solution u(t, x) of (11.11) is called a (right-moving) transition 
front (connecting 0 and 1) in the sense of Berestycki-Hamel (see OSj, also see [ 2 Tj, 22 ] ) if 
u(t, x) £ (0,1) for all (t,x) £ R x R and there is a function X : R — > R, called interface 
location function, such that 

lim u(t, x + X(t)) = 1 and lim u{t, x + X(t)) = 0 uniformly in t £ R. 

x — y —oo x —^oo 

The interface location function X(t) tells the position of the transition front as time t 
elapses, while the uniform-in-t limits shows the bounded interface width, that is, 

V 0 < ei < 62 < 1, supdiamjx £ R|ei < u(t,x ) < 62 } < 00 . 
teM 

Thus, transition fronts are proper generalizations of traveling waves in homogeneous media 
and periodic (or pulsating) traveling waves in periodic media. Notice if £(t) is a bounded 
function, then X(t)+£(t) is also an interface location function. Therefore, interface location 
functions are not unique. But, it is not hard to check that the difference of two interface 
location functions is a bounded function. Hence, interface location functions are unique up 
to addition by bounded functions. 
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We see that transition fronts can be defined in the same way for more general equations, 
say, 

u t = J * u — u + f(t,x,u). (1.2) 

Many results have been obtained for (jl.21) when f(t,x,u ) is of monostable or Fisher-KPP 
type in various special cases. For example, when f(t,x,u ) = f(u), traveling waves and 
minimal speeds have been studied in [H HI QH1 ED]- When f(t,x,u) = f(x,u) is periodic 
in x or f(t,x,u ) is periodic in both t and x, spreading properties and periodic traveling 
waves have been studied in PH EDI EH EE1 ED]. When f(t,x,u ) = f(x,u ), while principal 
eigenvalue, positive solution and long-time behavior of solutions was studied in [2], transition 
fronts were shown to exist in PU- 

In the present paper, we study transition fronts of (11.21) when f(t,x,u) = f(t,u), that 
is, (EH). To state our results, we define for k > 0 


c - (t ) = AA + 1 f „ (sMSi t € R 

K K J o 

We see that if a(t) = a > 0 is a constant function, then c K (t ) is nothing but the front location 


f J(y)e Kv dy—l+a 

function of traveling waves with speed ae—.———-— of a homogeneous nonlocal Fisher- 
KPP equation (see e.g. 0 EDI ED])- Note that since inf te Ra(f) > 0, c K (t) is increasing, and 
since sup( t/u ) eKx [ 0 j] \ ft(t,u)\ < oo, c K (t ) is at most linear. Indeed, if a; n f = inf tg Ra(t) and 
a sup = sup t&SL a(t), then 




®inf ^ a sup 


K 


t € M. 


This function will serve as the interface location function as in the definition of transition 
fronts. 

Our first result concerning the existence, regularity and decaying properties of transition 
fronts of (11.11) is stated in the following theorem. 


Theorem 1.1. Assume (HI) and (H2). There exists kq > 0 such that for any k G (0, ko]> 
there is a transition front u K (t,x) of (jl.ll) with interface location function X K (t ) = c K (t) 
and satisfying the following properties 

(i) u K (t,x) is decreasing in x for any t € M; 

(ii) there holds linr^oo u — = 1 uniformly in t G M; 

(iii) u K (t,x) is continuously differentiable in x for any (GR and satisfies 


Writ, ^01 

sup ' x ; (' 

(t,x)GExR u K (t,x) 


< 00; 


(iv) there holds \\m. x ^ f _ 00 u'f.{t,x + X K {t)) = 0 uniformly in t G M; 

(v) there holds lim^oo = -k uniformly in t G R. 


Note that the continuity of a transition front u(t, x) in the space variable x is not assumed 
in the definition of transition fronts. But the space regularity of transition fronts plays an 
important role in the study of other important properties such as stability and uniqueness 
of transition fronts. In the random dispersal case, the space regularity of transition fronts 
follows from parabolic Schauder estimates, while, thanks to the lack of space regularity for 
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the nonlocal dispersal equations (that is, the semigroup generated by the nonlocal dispersal 
operator has no regularizing effect), a transition front of a nonlocal dispersal equation may 
not be regular in space. We refer the reader to |T] for the existence of discontinuous traveling 
waves of ut = J * u — u + fs fu ), where /b is a balanced bistable nonlinearity. In [25] , we 
established some very general results on the space regularity of transition fronts of nonlocal 
dispersal equations. Among others, we proved in [25] the following proposition. 

Proposition 1.2 ([25]). 

front of m satisfying 


Assume (HI) and (H2). Let w(t,x ) be an arbitrary transition 


w(t,x)<Ce r \ x y ^u>(t, y), (i, x,y)eRx Rx 


(1.3) 


for some C > 0 and r > 0. Then, wft, x) is continuously differentiable in x for any t £ 
and satisfies sup (t)3;)eKxR l ^g )l 


< oo. 


At this point, we mention that the regularity of pulsating fronts for nonlocal KPP equa¬ 
tions in the space periodic case was treated in m (see also [29]). We remark that Theorem 
l.ll iii) follows directly from Proposition 11.21 We point out that the existence of transition 
fronts in Theorem 11.11 is proven constructively via the construction of appropriate sub- and 
super-solutions. The kq in Theorem 1 1.1 1 is obtained in the construction of sub-solutions (see 
Proposition 12.31) and satisfies that hq < inf teR kq( t) (see ([2.91) 1. where Koft) > 0 is such that 

Jr Jfy)e K °^ y dy - 1 + aft) . f R J ( y)e Ky dy - 1 + aft) 

- = mm —-. 

«>o 


K 0 (f) 


K 


The Ko hr Theorem 1 1.1 1 mav be small and hence the set of transition fronts obtained in Theo¬ 
rem [IT] may only contain those which move sufficiently fast to the right. In [T9] , the authors 
proved the existence of periodic traveling waves in the time periodic case f(t+T, u ) = fft, u) 
also constructively via the construction of appropriate sub- and super-solutions. The kq ob¬ 
tained in m is given by 


Jr J i.y) eK0Vd y -l + o . Jr J ( y)e Ky dy - 1 + a 

—- = mm —-, 

Kq k>0 K 


(1.4) 


where a = y a[t)dt. The kq in (11.4[) for the time periodic case is optimal and the value 
in (11.41) is nothing but the minimal speed of periodic traveling waves. But the method to 
construct sub-solutions in the time periodic case adopted in m is difficult to be applied 
to the general time dependent case. We adopt in the present paper a method based on an 
idea from [33] (also see [IB], 30]), which is different from that in [TO] and allows us to apply 
it to the general time dependent case, but does not enable us to obtain the optimal value 
of kq. It would be interesting to determine the optimal value for (see Subsection 12.31 for 
some remarks). 

We also remark that if aft) = f u (t, 0) is uniquely ergodic, that is, the hull of aft) is 
compact and the dynamical system generated by the shift operators on the hull of aft) is 
uniquely ergodic, then the limit lim i _ > , 00 j J Q f a(s)ds exists, and hence, the asymptotic speed 


lim 

t—>00 


X K {t ) 


= lim ■ 

t—> OO 




Jr J(y)e Ky dy - 1 1 1 MJ 

—-1— lim - / a(s)ds 

K K ° t J o 
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exists. Since interface location functions are unique up to addition by bounded functions 
as mentioned before, asymptotic speed (if exists) is independent of the choice of interface 
location functions. Note that asymptotic speed hardly exists in general. 

In the presence of space regularity, i.e., Theorem ll.lf iii). we then move to the study of 
the asymptotic stability of u K (t,x). To do so, we further assume the uniform exponential 
stability of the constant solution 1, that is, 

(H3) There exists 6\ £ (0,1) and j3i > 0 such that f u (t, u) < —/3 1 for all (t, u) £ Rx [9\, 1]. 

Note that (H3) improves the corresponding assumption in (H2). From classical semigroup 
theory and comparison principle, we know that for any uq £ C^ nif (M), the space of real¬ 
valued, bounded and uniformly continuous functions on M, the solution u(t, x; to, no) of (11.11) 
with initial data u(to, -;fo,«o) = uq exists globally in the space C^ nif (M) and is unique. We 
then show 


Theorem 1.3. Assume (H1)-(H3). Let kq be as in Theorem lf.il For n £ (0, ko], /et 
u K {t,x) be the transition front in Theorem \l.l\ Let uq : R —> [0,1] be uniformly continuous 
and satisfy 

lim inf no (x) > 0 and lim — °^‘ - = 1 

z—oo x—>ocu K (tOiX) 

for some to £ M. Then, there holds the limit 


lim sup 

t-KX) ,j, gR 


u(t,x\to,uo) _ 
u K (t,x ) 


= 0 . 


(1.5) 


A generalization of Theorem 11,31 is given in Corollary 14.41 where we show that if uq is 
as in Theorem [L3l but with lim. x ^ oc = 1 replaced by lim^oo = A for some 

A > 0, then there holds lim^oo sup xeR I a } t ' 1 '* 0 ’ I “ 1 ^ — 11 =0. 

IL \t,X —) 

More generally, if lirn^oo = A > 0, then, using Theorem 11.11 ii) and the facts 
that X K (t) is continuous, increasing and satisfies lim^-too X K (t) = ±oo, there exists a 
unique to £ R such that the limit linx^oo ^ = 1 exists, which leads to the asymptotic 

dynamics of u(t, x; to, tio) as in (11.51) with to replaced by to- See Corollary 14.51 for more 

details. In particular, if aft) is uniquely ergodic, then u(t, x; to, uo) has asymptotic spreading 

(t) 

properties in the following sense: if lim^oo f = c*, then for any e > 0 there holds 
lim inf u(t, x; to, uo) = 1 and lim inf u(t, x; to, «o) = 0. 

t—>oo x<(c%—e)t t->ooa;>(c^+e)t 

We remark that results as in Theorem 11.11 and Theorem 11.31 can also be established for 
the following reaction-diffusion equation 


ut = u xx + f(t,u), (t, i) £ 1 x I. 


( 1 . 6 ) 


In particular, we have 


Theorem 1.4. Assume (H2) and (H3). There exists kq > 0 such that for any k £ (0, «o]> 
there is a transition front u K (t,x ) of (11.61) with interface location function 


1 [* 

X K (t) = Kt 4— / a(s)ds, 

K Jo 


t £ R 












6 


WENXIAN SHEN AND ZHONGWEI SHEN 


and satisfying the following properties 

(i) uf.(t, x) < 0 for all ( t, x) € R x M; 

(ii) the limits lim^oo u (t)) = 1 and lim^oo = ~ K hold and are 

uniform in t £ 1; 

(iii) let uq : M — > [0,1] be uniformly continuous and satisfy liminf^.oo uq(x) > 0 and 
lim.r_j.oo u e _f} = A for some A > 0; then, there exists to G R such that 


lim sup 

t_>0 ° xgR 


u(t,x;t 0 ,u 0 ) _ 
u K {t, x) 


= 0. 


It should be pointed out that transition fronts of (11.61) were established in m, while no 
result concerning the stability exists in the literature. In the case f(t,u) being uniquely 
ergodic in t, the existence, stability and uniqueness of transition fronts of (11.61) were studied 
in [22]. 

Finally, we remark that while transition fronts of reaction-diffusion equations and nonlo¬ 
cal equations of Fisher-KPP type in general time or space heterogeneous media have been 
studied (see e.g. da nn urn [md, there exists no result in the literature concerning the 
corresponding discrete equations in general time or space heterogeneous media, i.e., 


Ui = u i+ 1 - 2 Ui + Ui-I + fit, Ui), 

let, ieZ, 

(1.7) 

iii = u i+ 1 - 2 m + i + /(*, Ui), 

t eR, ieZ, 

(1.8) 


where f(t,u ) and f(i,u ) are of Fisher-KPP type. Such discrete equations also arises natu¬ 
rally in applications (see e.g. [26]), and hence, it is of great importance to study them. We 
refer the reader to [6] [7] 0 fl2l [T5l 1321 [34] and references therein for works of (|1.7p or m 
in homogeneous media, i.e., f(t,u ) = f(u) or f[i,u) = f(u), and to [13] 02] for works of 
(11.81) in periodic media, i.e., f{i,u ) = f(i + L,u) for some L £ Z. 

The rest of the paper is organized as follows. In Section [2] we construct appropriate 
global-in-time sub- and super-solutions of for the use to construct transition fronts. 
In Section [3] we construct transition fronts and prove Theorem ll.il In Section [4] we study 
the stability of transition fronts constructed in Theorem 11.11 and prove Theorem 11.31 


2. Construction of sub- and super-solutions 


In this section, we construct appropriate global-in-time sub- and super-solutions of the 
equation (11.11) . Throughout this section, we assume (HI) and (H2). 


2.1. Construction of the super-solution. For k > 0, let 


c K (t) = 


f R J(y)e Ky dy- 1 1 


t + 


l r 

— / a(s)ds 

« Jo 


t € 


( 2 . 1 ) 


For k > 0, define 


(j> K {t,x) = e- K( - x - cK W\ (t,x)€ MxM. 
Proposition 2.1. For any k > 0, < f> K (t,x) is a super-solution of (II.ID . 


( 2 . 2 ) 









TRANSITION FRONTS IN NONLOCAL FISHER-KPP 


7 


Proof. We check that f K (t,x) solves ft = J*f — f + a(t)f. The proposition then follows 
from f(t, u) < a(t)u for u > 0 by (H2) (note it is safe to extend f(t, u) to u £ (1, oo) in this 
way). □ 


2.2. Construction of the sub-solution. To construct the sub-solution, we borrow an idea 
from [33] (also see [16] 00]). Let us consider the homogeneous reaction-diffusion equation 

u t = u xx + g(u), (2.3) 

where g , given in (H2), is of Fisher-KPP type with g u { 0) = 1. It is known (see e.g. [3l] ) 
that for any a £ (0,1), traveling wave of the form f a (x — c a t) with f a (—oo) = 1 and 
f a ( oo) = 0 exists and is unique up to space translation, where c a = a + We assume, 
without loss of generality, that lim :r _ s . 0O e ax f a (x) = 1. Moreover, for any a £ (0,1), the 
exponential function e ~ a { x ~ c at) j g a traveling wave of the linearization of (12.31) at 0, that is, 

u t = u xx + u. (2.4) 

For a £ (0,1), we define a function h a : [0, oo) [0,1) by setting 

= , s = 0 ' 

| fa (—a 1 his), s > 0. 

Note that h a (e~ ax ) = f a (x), that is, h a takes the profile of traveling waves of (12.41) with 
speed c a to that of (12.31) with the same speed. Since f a solves f'f + c a f' a + g(f a ) = 0, we 
check that h a satisfies 

a 2 s 2 h'f(s) - sh! a (s ) + g(h a (s )) = 0. (2.5) 

Lemma 2.2. Let a £ (0,1). Then, 

(i) h a is increasing and satisfies liim^oo h a (s) = 1, h' a ( 0) = 1 and h'f(s) < 0 for s > 0; 

(ii) let ft = 2 + A and p a (x) = —h'f(e~ x ) for x £ M; then there holds 

0 < p Q (x) < e^ x ~ y ^p a (y), x, y £ M. 

Proof. See [33] for (i) and [16] Lemma 3.1] for (ii). □ 

Set a = | (it is nothing special). We write h(s) := h,3(s) and p(x) := p3_{x). For k > 0, 
define 

f K (t,x) = h(f K (t,x)), (f,i)£lxl, 
where f K (t,x ) = e -«(®-c K (t)) given in (12.21) . Then, 


Proposition 2.3. There exists kq > 0 such that for any k £ (0, kq\, f K (t,x ) is a sub¬ 
solution of ut = J * u — u + a{t)g(u); in particular, it is a sub-solution of (11.11) . 

Proof. Since f K (t, x) satisfies the equation fif = J * f K — f K + a(t)f K , we readily check that 
N[f K ] := ipf — [J * f K — f K ] satisfies 

N[r] = a{t)f K ti{f K ) + h'{f K )[J *f K -f K }~ [ J(y)[h(f K (t,x - y)) - h(f K (t, x))\dy. 

J E 


By the second-order Taylor expansion, i.e., 

h(f K (t, x — y)) - h(f K (t,x )) = h\f K {t,x))[f K {t,x 


+ 


h'\C x ,y,t) 


[f K {t,x 


y) - f K (t,x)\ 

y) - f K (t,x )] 2 


2 
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for some ( x ,y,t between <J> K {t,x — y ) and (f> K (t,x), we see 

N[^ k ] = a(t)(j) K ti((j) K ) - ^ f J(y)h"{C, X) y^)[(j) K {t,x-y) - cj) K (t, x)fdy. 

1 Jr 

For the integral in the above equality, we first see from the monotonicity of In and the 
explicit expression of cf> K (t,x ) that 

I InC x;,y,t ~ In x)\ < | In cj) K (t,x- y ) - ln^ K (f,x)| < n\y\. 

It then follows from Lemma 12.21 1 ii) with j3 = 2 + < 4 that 

-h"(Cx,y,t) = P(~ln( x ,y,t) < e 4 l ln C„„ t - 1 nr(^)| p( _ ln ^ (t) x)) < e Mv\ [-h"(<l> K (t, x))]. 
Hence, 

- \ [ J{y)ti'{( x ,y,t)[<p K {t,x - y) - (f) K {t,x)fdy 
1 Jr 

< ~\h"((j) K (t,x)) [ J{y)e 4Klvl [c/) K (t,x - y) - cj) K (t,x)} 2 dy 
z Jr 

= -h"(cj ) K (t,x)W(t,x)] 2 [ J(y)e 4n ^[e Ky — l] 2 dy, 

1 Jr 

which leads to 

N[V] < a(t)cj> K {t,x)h'{^{t,x)) - \h"{ct> K (t,x)W{t,x)] 2 [ J(y)e 4 ^[e Ky - 1 fdy. (2.6) 

1 Jr 

Since e Ky — l] 2 = 2(e Ky — 1 )e Ky y > 0, the function k i-a f R J(y)e 4K M [e Ky — 1 ] 2 dy is 
increasing on (0, oo). Moreover, we have 


tv —y 0, 
oo, tv y oo• 


[ J(y)e 4 ^[e Ky -l] 2 dy^\ 0 ’ 

Jr {oo 

Thus, due to infieRa(t) > 0 by (H2), there is a unique kq > 0 such that 


(2.7) 


which implies ^ f R J(y)e 4K M [ e Ky — 1 } 2 dy < (§) 2 a(t) for t € R and k € (0, kq]. It then follows 
from (12.61) that 


N\r] < a{t) 


4> K {t,x)h\4> K (t,x)) - - h"((j) K (t,x))[<j) K (t,x)\ 


= a(t)g(i/j K (t,x)), 


where we used (12.51) with s = cf> K (t,x) and a 
a{t)g{u) < f(t,u) for u 6 [0,1] by (H2). 


3 

4' 


The proposition then follows from 

□ 
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2.3. Some remarks. We make some remarks about the sub- and super-solutions con¬ 
structed in the above two subsections. 

(i) From Lemma l2.2( i). there holds h a (s) < s for all s > 0. This, in particular, implies 
that ip K (t,x) = h(cj) K (t,x )) < i f> K (t,x) for all (t,x) £ K x R (actually, the strict inequality 
holds). This order relation between x) and x) is important in establishing various 
properties of approximating solutions, which will be studied in the next section, Section [3j 
Moreover, ip K (t,x) and (f> K (t,x) propagate to the right with the same speed c K (t). This 
fact says that any global-in-time solution of (11.11) between i/j K (t,x ) and min{l, (j) K (t, x)} is 
a transition front. 

(ii) In constructing the sub-solution ip K (t,x), we restrict k to take values in (0, koL where 
^0 > 0 is given by (12.71) . If we let kq( t) > 0 be the one minimizing c K (f), that is, 

c K °W(t) = mmc K {t). (2.8) 

K>0 


then we have 


kq < inf kq (t). 
tern. 


(2.9) 


In fact, notice the critical points for c K (t), i.e., points satisfying 4^c K (i) = 0, satisfies 


K 


[ J(y)ye Ky dy- [ J(y)e Ky dy + 1 = a(t). 
JM. J R 


Setting 


qi(n) = k f J{y)ye Ky dy- [ J(y)e Ky dy + 1, 

J ]R J M 

we see that gi(0) = 0 and q\ (k) = k J r J(y)y 2 e Ky dy > 0 for k > 0. Setting 


1 / 4 


q 2 (n) = - 1-1 J(y)e 4 ^ [e Ky - 1 ] 2 dy, 

we see that < 72 ( 0 ) = 0 and 

q> 2^) = (j) 2 //W^'^-l 1 ^ 

> f J{y)e 4 ^ v \e Ky — l\e Ky ydy = f J(y)e 4K ^e Ky *nye Ky ydy (where y* £ [0, y\) 

J M J M 

; [ J(y)e 2K ^y 2 e K ^ +y *' ) e K ^ +v ' > dy > k f J{y)e 2K ^y 2 dy > q [(n), k > 0. 

J M J M. 


= Av 


This simply means that q 2 (n) > qi(n) for k > 0. Hence, <7 i(ko) < < 72 (^ 0 ) = inf’ ie R a(t). 
Since q\(n) is continuous and increasing, we conclude (12.91) . We will use (12.91) in the proof 
of Lemma 14.31 which is the key to the stability of transition fronts. 

(iii) A possible way to enlarge the value of kq is to make a change (we have fixed a = j 
in the above analysis). But, it seems not enough to push kq arbitrary close to inf te R «o(i)- 
Also, inf te jR Ko(t) is hardly the optimal value for aco, since in the periodic case, kq is exactly 
such that 

f R J ( y)e K0V dy - 1 + a . f R J ( y)e Ky dy - 1 + a 

—- = mm —- 

Kq k>0 K 
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where a = y J Q T a(t)dt and T is the period (see e.g. [19]). 

3. Construction of transition fronts 

In this section, we construct transition fronts and study their space regularity and de¬ 
caying properties, that is, we are going to prove Theorem ll.il Throughout this section, we 
assume (HI) and (H2). 

Fix any k G (0, ao], where kq > 0 is given in Proposition 12.31 For this fixed n, we write 
c(t) = c K (t), 4>(t,x) = (j> K (t,x) and if(t,x ) = t,x). Again, h(s) = h,3(s). 

4 

The proof of the existence of transition fronts is constructive. We first construct approx¬ 
imating solutions. For n > 1, let u n (t,x), t > —n be the unique solution of 

[u t = J*u-u +f(t,u), t > —n, ^ 

)u(—n,x) = i/>(—n,x) = h((f)(—n,x)). 

We prove some basic properties of u n (t,x) in the following 
Lemma 3.1. The following statements hold: 

(i) for any (t,x) G [—n, oo) x R and n> 1, there holds 

0 < f)(t,x) < u n (t,x ) < i i>(t,x) := min{l, (f{t, x)}; 

(ii) for any ( t,x,y ) G [—n, oo) xKxM and n > 1, there holds 

p K\x-y\ 

u n (t,x) < ——u n (t,y)- 

h( 1) 

(iii) if n > m > 1, then u n (t,x ) > u m (t,x ) for all (t,x) G [— m, oo) x R. 

Proof, (i) By Lemma 12.21 i), we have h(s) < s for all s > 0, which implies that u(—n,x) < 
(j>(—n,x). The result then follows from comparison principle. 

(ii) Using the expression 4>(t,x) = we readily check <j>(t,x) < e K ^ x ~ v ^(t,y). 

Moreover, since h( 0) = 0 and h"{s ) < 0 for all s > 0, we find h(l)s < h(s) for s G [0,1]. In 
particular, by the monotonicity of h, we have 

h(l)(f>(t,x) < h((p(t,x)) < h(cj>(t,x)) = if(t,x) < u n (t,x), 
which implies that 

u n (t,x ) < 4>{t,x) < e K \ x ~ y \(i){t,y) < 6 u n (t,y). 

(iii) Let n > m > 1. Since il’(t,x) is a sub-solution of (jl.ll) and i/'( —n u) = u n (—n, ■), 

comparison principle yields ip(t, ■) < u n (t, ■) for all t > — n. In particular, at time t = —m, 
we have u n (—m, •) > ■) = •). Again, by comparison principle, we arrive at 

the result. □ 

The sequence {u n (t,x)} is the approximating solutions. However, we can not conclude 
immediately the convergence of {u n (t,x)} to a global-in-time solution of (11.11) due to the 
lack of regularity. Following the arguments in m, we can show the uniform Lipschitz 
continuity of {u n (t,x)} in x, which of course ensures the convergence. Here, we take a 
different approach, which is based on the monotonicity of {u n (t,x)} as in Lemma 13. If iii). 

Now, we prove Theorem ll.il 
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Proof of Theorem M.il We first construct transition fronts. By Lemma I3.1f iii). for any 
fixed (t,x) G R x R, there exists no = no(t) > 1 such that the sequence {u n (t, x)} n > no 
is nondecreasing. Since it is clearly between 0 and 1, the limit lim n _ i . 00 u n (t, x) exists and 
equals to some number in [0, 1]. Hence, there exists a function m:Ix1a[0,1] such that 

lim u n (t,x) = u(t,x ) pointwise in (t,x) £lxl. (3.2) 

n—>■ oo 

Moreover, since u n (t, x) satisfies uf = J * u n — u n + f(t, u n ), we have that for any t > —n 
and x G R, 

u n (t, x) = tt n (0, x)+ f f J(y — x)u n (s,y)dyds— f u n (s,x)ds+ f f(s,u n (s,x))ds. (3.3) 
Jo JR Jo Jo 

Passing to the limit n -A oo in (13.31) . we conclude from the dominated convergence theorem 
that for any t G K and x G R, 

u(t, x) = u(0, x) + / / J(y — x)u(s,y)dyds — / u(s,x)ds+ / f(s,u(s,x))ds. 

Jo Jr Jo Jo 

From which, we conclude that u(t,x) is differentiable in t and satisfies (11.11) . 

To see u(t, x) is a transition front of (11.11) . we notice x) < u(t , x) < <J>(t, x) by Lemma 
I3.11 L and (|3.2D . Taking X(t) = c(t), we find 

h(e~ KX ) = ip(t, x + X(t)) < u(t , x + X(t)) < 4>(t, x + X(t)) = e~ KX , (3.4) 

which implies that u(t,x ) is a transition front of (11.11) . 

We now prove the properties (i)-(v) listed in the statement of Theorem ll.il 
(i) Since {u n (t,x)} n > i are decreasing in x, u(t,x ) is nonincreasing in x. Since u(t,x ) is 
global-in-time, it is decreasing in x due to comparison principle (see e.g. m Proposition 
A.l(iii)]). 


(ii) By (13.41) . we have ^ < j Since lim 


fe ( e KX ) - - 


x-xoo e - = h'{ 0) = 1 due to 
a(t,x+X(t)) _ ex j s ^- s an j un iform in t € M. 


Lemma 12. 2l fi). we find that the limit lim^^oo 
We also have 

, u(t,x + X(t)) 

Inn -—-—- = 1 uniformly m t£l. 

x —XOO h(& KX ) 

(iii) By (13.21) and Lemma l3,ll ii). we have 

e K\x-y\ 

u(t,x) < u(t,y), ( t,x,y ) G M x R x R. 

n(l) 

This verifies (11.31) . The result then follows from Proposition 11.21 

(iv) By (iii), v(t,x) := u x (t,x) exists and satisfies the equation 

vt = a(t, x)v + b(t, x), 

where 

a(t, x) = — 1 + f u (t, u(t, x)) and b(t,x) = / J'(y)u(t,x — y)dy. 

Jr 

We see that for any t G R and T > 0, there holds 

t ft t 

v(t , x) = eft-T a ( s ^ ds v ( t - T, x) + / e-fr x)dr. 

Jt-T 


(3.5) 


(3.6) 


(3.7) 
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We are going to show v(t, x + X(t)) -A 0 as x —>■ —oo uniformly in i G R. To do so, we let 
e > 0, and choose T = T(e) > 0 and L = L(e) > 0 such that 

Ce~ T < - and f \j'(x)\dx < -, 

3 Jr\[-l,l] 3 

where C := sup( ta ,) eRxR \u x (t,x)\ < oo by (iv). Notice such a L exists due to (HI). For 9\ 
as in (H2), let Xg 1 (t) be the interface location function at 0 1 , i.e., u(t, Xg 1 {t)) = 0\ for all 
t € M. It is well-defined due to the monotonicity of u(t, x ) in x. Since u(t, x) is a transition 
front, we have sup teR | Xg 1 {t) — X(t) | < oo. Setting 


Ct = 


sup X(t) T + sup \Xg 1 (t) - X(t)\, 

L teK 1 tgR 


we readily check that if x — X(t) < —Ct, then u(s, x) > 9\ for all s € [t — T, t]. As a result, 
a(s, x) = — 1 + / u (s, u(s, x)) < — 1, s6 [t- T, t], x — X(t)<—CT- 
It then follows from (13.71) that for x — X(t) < —Ct there holds 


\v(t,x)\<Ce T + f e ^ T ' ) \b(r, x)\dr < ^ + f e ^ ^\b(r, x)\dr. 
Jt-T 3 J t —T 


(3.8) 


For b(r,x), we have 

|6(r,x)| < 




—L,L\ 

i: 


| J'(x)\dx + 


' —L 


J'(y)u(T,x - y)dy 


J'(y)u{r,x - y)dy 


(3.9) 


Since J' is odd and u(t,x + X(t)) —> 1 as x —> —oo uniformly in r € M, we find some 
Ct,l > Ct such that if x — X(t) < — Ct,l, then 

rL 


' —L 


J'(y)u(r,x- y)dy 


- 3 ’ Te \ t ~ T ^y 


We then deduce from (13.81) and (13.91) that for x — X(t) < —Ct,l there holds 


\v(t,x)\ < | ^ [ e r) dr < e. 

o 6 J t _ T 


t-T 

Observing the above analysis is uniform in i £ 1, we find the limit. 

(v) By (ii), we have lim^^oo = 1 uniformly in i £ I. It follows that for any 

e £ (0,1], there exists M(e) > 0 such that 

u(t, x + X(t)) > (1 — e 2 )e~ KX , x>M(e ), t £ M. 

By Taylor expansion and (13.41) . we find for x > M(e) and t £ M, there exists e* = e*(t,x) £ 
(0, e) such that 

u(t, x + e + X(t)) — u(t, x + X(t)) 


u x (t,x + e* + X(t)) = 


< 


g — K.(x+e) g — KX _|_ g2g— KX 


= e 


-1 
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which leads to < e K£ ( e ^ 1 + e). In particular, for all x > M(e) + 1 and 

tel, 


U x (t,x + X(f)) 


< e* 


- 1 


+ e . 


(3.10) 


Similarly, using lim^^oo - = 1 uniformly in t £ M by (13.51) . we can show that for 

any e € (0,1], there exists M(e) >0 such that for x > M(e) + 1 and tel there holds 

0 —K,e _ y 


u x (t, X + X(t)) £ e- l- £ (l + £ ). 

g KI g 

= —k, (13.101) and (13.111) imply that the limit lim^oo 
— k holds and is uniform in tel. The result then follows from (ii). 


(3.11) 


Since lim^o ■ 


e -i 


u x (t,x+X(t)) 

p — KX 

□ 


4. Stability of transition fronts 

Let kq be as in Proposition 12.31 and fix k £ (0, Ko\. Let u(t, x) = u K (t, x) be the transition 
front constructed in Theorem 11.11 with interface location function X(t) = c K (t). We study 
the asymptotic stability of u(t,x). Throughout this section, we assume (H1)-(H3). 

4.1. Sub- and super-solutions. In this subsection, we construct appropriate sub- and 
super-solutions. We prove 

Proposition 4.1. Let e* £ (0,1 — 9\) and w* = j3i, where 6\ £ (0,1) and (3i > 0 are as in 
(H3). Then, for any e £ (0, e*] and ui £ (0,w*], there exists C = C(e*, oj) > 0 such that for 
any f £ M 

u~(t, x) = (1 — ee~ ul( ' t ~ r ^)u(t,x + £ — Cee~ u ^ rS> ), t>r and 
u + (t, x) = (1 T ee- w(t - r) )u(t, x + £ + Cee^^), t > r 
are sub-solution and sup-solution of m, respectively. 

To prove Proposition l4.ll we need the uniform steepness of u(t,x ) given in the following 
Lemma 4.2. For any M > 0, there holds sup teB supj x _ u x (t, x) < 0. 

Proof. It can be proven along the same line as that of |24J Theorem 3.1]. So we omit it. □ 
Now, we prove Proposition 14.11 

Proof of Proposition \f~T\ Here, we only show that u~(t,x ) is a sub-solution; u + (t,x) being 
a sup-solution can be proven along the same line. 

Note that by the space homogeneity of the equation (11. 1 j) . we may assume, without loss 
of generality, that £ = 0. Hence, we assume 

u~ = u~(t, x) = (1 — ee~ u ^ T ^)u{t, x — Cee~ u ^ t ~ T ' ) ), t > r, 

where e £ (0, e*], ui £ (0,w*] and C > 0 (to be chosen). 

With := uf — [J * u~ — u~] — f(t,u~), we compute 

lV[u _ ] = ee~ uj( ' t ^ T ' ) [um + Cuo( 1 — ee~ UJ ^ t ^ T ' , )u x — f(t, u) + f u (t, tt*)u] 

< ee~ u ^~ T ^ [um + Cu( 1 - e*)u x + f u (t , u*)u], 
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where u = u(t,x — Cee T ^), u x = u x (t,x — Cee T )) and u* G [it , it]. 

By Theorem ll.ll v). we find some Mo > 0 such that 

u x (t, x) k „. . ^ 

x>X(t) + M 0 , i€R. 

Let M = M(e*) > Mo be such that 

Q 

u(t,x) > -—-—, x < X{t) — M, t G R. 

By Lemma 14.21 we have Cm := sup ieR supi x _^ ( ' ;t )| <M - u x (t, x) < 0. Then, we choose C = 
C(e*,w) > 0 such that 

fw + Cw(l - c*)Cm + sup (titt)gRx[0il] |/ u (t,it)| < 0, 

- Ca;(1 2 - £ * )K +SU p (f , M)eRx[0il] |/u(t,«)| < 0. 

Now, we consider three cases. If x — Cee~ u ^~ T ^ — X(t) < —M, we have u > 1 e } c , and 
then, it - > (1 — > #i. Thus, / u (t, it*) < —/3i. Therefore, u < /3\ leads to 

iV[n - ] < ee _a, ^ _T ) (w + f u (t, it*))it < 0. 

If x — Cee~ uj( ' t ^ T ' ) — X(t) G [—M, M], we have < Cm < 0- Hence, the choice of C gives 

AI[it _ ] < ee _aj ^ _T - ) w + Cw(l-e*)C , M+ sup |/ U (t,u)| <0. 

(f,«)EMx [0,1] 

If x — Cee~ u ^ t ~ T ^ > — X(t) > M, we have — < — Then, the choice of C leads to 


iV[it"] < ee _aJ ^ t_T ^it 

< ee -«(t-r) u 


w + Ccj( 1 - e*) — + / u (i,it*) 

u 

Cw(l - c*)k 

w---h Ju{t,u * 


< 0 . 


Hence, we have show IV[it ] < 0, that is, it is a sub-solution. 


□ 


4.2. Proof of Theorem ll.3l This whole subsection is devoted to the proof of Theorem [L3j 
Let ito be as in the statement of Theorem ll.3l and u(t, x; to) := n(t, x; to, uo) be the solution of 
m with initial data it (to, •; to) = uq. We are going to show Hindoo sup^g^ | U u(t,x)^ ~ A = 
which is true if we can show 


u(t, x; to) . , ,x 

hmsupsup -— < 1 (4.1) 

t—>oo o:eK u{t,x) 

and 

Urn inf inf > 1 . (4.2) 

t-*oo z€R u(t, x) 

Here, we only prove (14.11) ; the proof of (|4.2I) can be done along the same line except one 
that we comment after the proof of (14.11) . 

To show (14.11) . we consider the set 
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We claim that S / 0. In fact, since lim^oo = 1> we have for any fixed e* G (0,1 — 6\), 

uq(x) < (1 + e*)u(to,x) for all x>l, Then, we can find a large £* > 0 so that 

uo(x) < (1 + e*)u(to, x — £* + Ce*), x G K, (4.3) 

where C = C(e*,w*) is as in Proposition 14.11 Applying Proposition 14.11 we conclude 
u(t, x; to) < (1 + e*e _w *h" to ))r((t, x - £* + Ce*e~ u, * ( ' t ~ t °' > ), i£l 

for all t > to- This and the monotonicity of u(t,x ) yield lim sup^^ sup_j.gR n(t,x-i\ — -*-> 
that is, £* G E. 

Clearly, £ € E for all £ > £*. Set £; n f := inf{£|£ € E} > 0. We claim that £; n f € —• 
Indeed, let {£ n } C E and £ n —> £; n f as n —>• oo. We see 

u(t,X-t 0 ) _ u(t, X] tp) ^ u(t, X - g n ) - n(f, X - £ in f) ' 

w(t,x-£mf) rt(t, a; - £„) L «(t,x-£ inf ) J’ 


and 


u{t, X - j n ) - u(t , X - ginf) 
u(t, X - ginf) 


u x {t,x-i* n ) 

u(t,X- ginf) 


g in f), where £* G [g in f,gn] 


«*(t,*-g») ^ 

| u x (t,x)\ 

u(t,x-i*) ^ 

\u x (t,x)\ 

£inf| 

u (.t, X — ginf) ~ 

kjlip , \ 

. (t,i)eRxR U{l,X) _ 

u(t , X - ginf) “ 

kjlip , \ 

. (t,i)eKxR U{l,X) _ 

Mi) 


where we used (EH). Setting C 0 := ^ sup (t}X)eRxR ^ , 


we then have 


u(t,x;tp) 
u(t, x - g inf ) 


< 


u(t,x-to) 
u(t,X- in) 


[l + C' 0 e^-^l(g n -g inf )], 


which leads to limsup^^ sup^gR < 1, that is, g inf G E. 

It remains to show that 

ginf = 0. (4.4) 

To do so, we need the following crucial result concerning the exact asymptotic of u(t,x;to) 
as x —> oo. 


Lemma 4.3. For any rj > 0, there exists M = M{rj) 1 such that 

u(t, x + X(t) + rj) < u(t, x + X(t); to) < u(t, x + X(t) — rj), x>M (4.5) 
for all t > to- Equivalently, 

lim x + j^2l_ — i uniformly in t >tp (4.6) 

x-i-oo U{t,X + X[t)) 

To show dHD, we actually only need the upper bound in (|4.5h : the lower bound in (|4.5j) 
and the limit (14.61) are needed for proving (14.21) . The proof of Lemma 14.31 is postponed to 
Subsection 14.31 

Now, for contradiction, suppose (14.41) is false, that is, g; n f > 0. We are going to find a 
number in E, but smaller than £i n f. 
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To this end, let e G (0, e*) be sufficiently small, where e* € (0,1 — 6\) is as in Proposition 
14.11 Since £; n f G E, i.e., lim sup t _ >00 sup xeR < 1, for any e\ > 0, we can find some 

T = T(e i) such that < 1 + ei for all x € R, which implies 

u(T,x; to) < u(T,x - £ in f) + ei, iGl. 

In particular, 

u(T, x + X(T);t 0 ) < u(T, x + X(T) - £ inf ) + ei, iGl. (4.7) 

Let C = C(e*,u;*) be as in Proposition l4.il We claim there exists M\ > 0 such that 

u(t, x + X(t)) < (1 + e)u(t, x + X(t) + 3eC), x < —Mi, t € R. (4-8) 

Indeed, we have from Taylor expansion 

(1 + e)u(t, x + X(t) + 3 eC) — u(t , x + X(t)) 

= 3 eCu x (t, x + X(t) + x*) + eu(t, x + X(t) + 3 eC) > 0, 

where we used u x (t, x + X(t) + x*) — > 0 uniformly in t G R as x —> —oo by Theorem II. If ivf 
and u(t, x + X(t) + 3eC) —>• 1 uniformly in t € R as x —> —oo. 

Now, applying (I4.8jl with t = T, we deduce from (14.71) that 

u(T, x + X(T)\to) < (1 + e)u(T,x + X(T) - £ in f + 3eC) + ei, x < —Mi. (4.9) 

Note that the inequality in (14.71) is strict, which implies that if we choose e so small that 
3eC <C 1, we will have 

u(T, x + X(T);t 0 ) < u(T,x + X(T) - £ inf + 3eC) +ei, x G [—M^M], 

where M = M(^f) 1 is as in Lemma 14.31 This, together with (14.91) . give 

u(T,x + X(T);to) < (1 + e)u(T,x + X(T) — £ in f + 3eC) + ei, x < M. (4.10) 

Since infj g R \ni x <M u(t, x + X(t) — £i n f + 1) > 0, we can take ei so small that 

ei < e inf inf u(t, x + X(t) — £; n f + 1), 
x<M 

and then conclude from ()4.10[) that 

u(T, x + X(T)\t 0 ) < (1 + 2e)u(T,x + X(T) — £ in f + 3eC), x < M. (4.11) 

Using Lemma 14.31 we see that 

f. , 

u{T,x + X(ry,to)<u{T,x + X(T)-^±), x > M. (4.12) 

If e is so small that 3eC* < we have from (14.121) that 

u(T, x + X(T);t 0 ) < u(T,x + X(T) - Cinf + 3eC), x > M. 

This, together with (14.111) . give 

u(T,x + X(T);t 0 ) < (1 + 2 e)u(T,x + X(T) - £ in f + 3eC) 

= (1 + 2 e)u(T, x + X(T) — £i n f + eC + 2eC), x G R. 


(4.13) 
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We now apply Proposition 14.11 to 114. 13p to conclude that 

u(t,x + X(t);t 0 ) < (1 + 2ee~ u * l ' t ~ T )) 

x u(t, x + X(t) — ^ n f + eC + 2eCe- u * {t ~ T) ), 


for all t >T. From which and the monotonicity of u(t, x) in x, we deduce 
_ u(t,x +X(t)-t 0 ) _ 

u(t,x + X(t)-Z ini + eC )- [1 + 2ee h X€K 


for all t > T , which leads to lirii sup^^ sup xeM „(7_^.+ eC ) < 1, that is, £ inf 
contradicts to the minimality of £i n f. Hence, (14.41) holds, i.e., £i n f = 0. 

Now, we comment on the proof of (14.21) . Define 



u{t,x;t 0 ) 
inn ml ml — - -— 

t-ux> zeR u(t, x — £) 



eC G S. It 


To show E ^4 0, as in (14.31) . it seems that we have 


(1 — e*)u(to ,x + £* — Ce*) <uq(x), 


for some e* € (0,1 — 0 1 ) and £* < 0, but it is wrong if limsup^^.^ uq(x) < 9\. To 
overcome this, we only need to wait for a period of time, say T = T(uq) > 0, so that 
liminfjr-^-oo u(to+T, x; to) > #i- Then, at to+T, we still have limit lim^oo “foo+^Wo) _ ^ 

u(to~\- T jX) 

due to Lemma 14.31 which ensures 

(1 — e*)u(fo + T, x + £* — Ce*) < u(to + T, x; to), x € R 

for some e* G (0,1 — 6\) and £* < 0. Applying Proposition 14.11 we then see that S 7 ^ 0. The 
rest of the proof follows along the same line. This completes the proof. 


4.3. Proof of Lemma 14.31 Recall u(t,x ) = u K {t,x) and X(t) = c K (t ) for some fixed 
k G (0, Ko]. Fix k* G (ko, uifteR (t)}, where Ko(t) is given in (12.81) . We prove the lemma 
within two steps. 

Step 1. We prove (14.51) . Fix any 77 > 0. We first prove the upper bound for u(t,x\to). 
Since lim^oo = 1 by assumption and Hindoo = 1 by Theorem [O ii), 

we can find some 5 = 6(r]) 1 such that 

uo(x + 77) < e -«(*-^(*o)) + Se -K*(.x-x(to)) } x £ R . 

Recall that e ~ K (. x ~ x (. t )) i s a solution of ut = J*u — u + a(t)u. Setting 

v(t,x) =e~< x - x W +5e- K *( x ~ x V\ x G R, t > t 0 , 


we readily check that 


Vt — [J * v — v] 


a{t)v = k* 


7r J{y)e Ky dy - 1 + a(t) 

K 


J R J (y)e K * v dy-l + a(ty 

K* 
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Since the function £ i-a '- E x' 1+u ^ t ' 1 i s convex in ( and decreasing on (0, Ko(t)), and 
k < no < k* < infjgR Ko(t), we have 

Jr j ( y)e Ky dy - 1 + a(t) > J R J ( y)e K * y dy - 1 + q(t) 


Hence, Uf — [J* u — v] — a(t)v > 0. In particular, v(t,x) is a super-solution of (11.11) . It then 
follows from comparison principle and the space homogeneity of m that u(t, x + 77; to) < 
v(t, x) for all x £ R and t > to, that is, 


ll(t, X 4- X (t), tp) ^ ^ (k*— k)(x— rj) 

e -K(x-ri) — ’ 


X € 


for t > to, which, together with lim^oo = 1 by Theorem II.If iih lead to 

£+ +«*-*». ^« 
for t > to, where C(x) > 0 satisfies £(x) —> 0 as x —>• 00. It then follows that 

+fc-<—)<-»)(!+«*-»)). 

u(t, x + X (t) — 2g) u(t, x + A (t) — 2g) 


Since 


«(t, x + X(t) - n) u{t , x + X(t) - 77 ) e ~K(x~ 2 v) 


u(t,X + X(t) — 2r]) e — At(a:— 77 ) e -K(x-2ri) u (t x + X(t) — 2rj) 

—> e~ KV <1 as x —> 00 , 


and r] > 0 is arbitrary, the upper bound for u(t, x;to) follows. 

We now prove the lower bound for u(t, x;to). Since lim^^oo = 1 by assumption 

and lim-j^oo . = 1 by (13.51) . we can find some 5 = 5(e) ;§> 1 such that 

u 0 (x ~v)> h(e-< x ~ x ^) - 0)), j£l, 


Setting 

ui(t,x) = /i(e- K(x - YW) ) and u 2 (t,x) = e -«.(*-*(*)) 

for x £ R and t > to- By Proposition ^. 31 ui(t, x) is a sub-solution of ut = J*u—u+a(t)g(u), 
i.e., (ui)t < J * v\ — ui + a(t)g(v 1 ). Arguing as in the proof of the upper bound above, we 
see that 

(v 2 )t ~[J*v 2 - u 2 ] - a{t)V 2 

[Jr J (y)e Ky dy- 1 + a(t) f R J ( y)e K * y dy - 1 + q(t) ] 


It then follows that v(t,x) = ui(t, x) — 5u 2 (t,x) satisfies 

u t - [ J * u - u] = ((ui)t - [J * Ui - Ui]) - 5((u 2 )t - [J * u 2 - u 2 ]) 
< a(t) 5 -(ui) - 5a(t)v 2 < a(t)g(v), 
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where we used g(v±) — g(v) = 5v2g u (v*) < <5f2, since g u < 1 (note that it’s safe to extend g to 
(— 00 ,0) so that g u < 1 on this interval). Since g(u) < f(t, u), we find vt < J*v — v + f(t,u). 
Then, by comparison principle, u(t,x — 77 ; to) > v(t,x) for all x £ K and t > to, that is, 


u(t,x + X(t);t Q ) >1 _ s e K *( x + e ) 

h{e-< x+r i)) ~ h(e~ K ( x+1 i)) ’ 

for t > to, which, together with (13.51) . lead to 




u(t,x + X(t);t 0 ) > 
u(t,x + X(t) + rj) ~ 



5 


e —K.*(x+rj) 

h(e~ K ( x+r i)) 


(1 - C{x + r])), 




for all t > to, where £(x) satisfies £(x) —> 0 as x —> 00 . Since k* > k and linx^oo h ^ e - KX ^ = 1, 
we have lim. z ._ > . 00 = 0. Then, a similar argument as in the proof of the upper bound 

gives the lower bound for u(t,x',tp). This finishes the proof of (14.51) . 


Step 2. We prove the equivalence between (14.51) and (14.61) . Suppose first that (14.51) holds. 
Then, 


u(t, x + X(t) + 77 ) u(t, x + X(t);tp) u(t, x + X(t) — 77 ) 
u(t,x + X(t)) ~ u(t,x + X(t)) ~ u(t,x + X(t)) 

We see that 


u(t,x + X(t) - 77 ) _ u x (t,x + X(t) - 77 *) u(t,x + X(t) - 77 *) 
u(t,x + X(t)) u(t, x + X(t) — 77 *) u(t,x + X(t)) ^ 


< 1 + 


sup 

. (t,a;)ERx]R 


U x {t,x)\ 
u(t , x) 


Ml ) 71 


where 77 * G [ 0 , 77 ] and we used (13.61) . Similarly, we argue 


u(t,x + X(t) + 77 ) 
u(t, x + X(t)) 


sup 

. (t,x)GMxR 


u(t, x ) 


Mi) 


Setting C = [sup (tiX)gRxR , we obtain 

1 _ Ce^Mr) < MM + ^(*); * o ) < 1 + 


u(t, x + X(t)) 


Setting x —> 00 , we find 


x > M, t > to- 


1 — Ce K ^r] < lim inf 

X —^OO 


u(t,x + X(t)-t 0 ) 
u(t, x + X(t)) 


u(t,x + X(t)-t 0 ) 

< hm sup-;- — .. 

x —^00 u(t,x + X(t)) 


< l + Ce K ^*\r), 


t > to, 


which leads to (14.61) since 77 > 0 is arbitrary. 

Conversely, suppose (14.61) holds. We only show the upper bound for u(t, x; to) in (|4.5[) ; the 
lower bound can be verified similarly. By (14.61) . for any small 77 > 0, there exists M{rj) > 0 
such that 


u(t,x + X(t);t 0 ) < 1 

u(t,x + X(t)) — 


x > M{rj), t > to- 
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We claim that 


3Mi(rj) > 0 s.t. u{t, x + X(t)) < (1 — 
for all x > M\(rj) and t >tp. 


%r]e KT] )u(t,x 


x (t) — rj) 


(4.14) 


Clearly, the result then follows from (14.1411 . Hence, it remains to show (|4.14l) . We see that 


u{t, x + X(t)) 
u(t, x + X(t) — 77 ) 

_ —u x (t,x + X(t) - rj#) u(t,x + X(t) - 77 *) 
u(t, X + x(t) — 77*) e -/s(x- 77 «) 


e —K(x—T)*) e -K,(x-rj) 

e~ K (x-v) u(t, x + X(t) — rj) ^ 


where 77 * G [ 0 , 77 ]. Clearly, e = e K ^ v v *' > > e K7? . Moreover, by Theorem ll.il we can 

find some Mi ( 77 ) > 0 such that for all x > M\ ( 77 ) and t > tp, there hold the following 


—u x (t,x + X(t) — i 7*) > k u(t,x + X(t) - 77*) > 1 e K ( x ^ > 1 

u(t,x + X(t) — rj*) ~ 2’ e -k(x-ti*) — 2 u(t, x + X(i) — 77 ) — 2 

It follows that 1 — § 77 e -KT? for all x > Mi ( 77 ) and t > to, that is, (14.141) is 

true, and the proof is complete. 


4.4. Stability: general cases. We prove the following generalizations of Theorem 11,31 


Corollary 4.4. Assume (H1)-(H3). Let kq be as in Theorem 11.11 For k G (0, «oL ^t 
u K (t,x ) be the transition front in Theorem, \1.11 Let no : ^ [0,1] be uniformly continuous 

and satisfy lim inf x _ i ._ 00 uo > 0 and linix-^oo = A for some to G M and A G (0, 00 ). 

Then, there holds the limit 


lim sup 

t-H3 °xeR 


u(t,x-,t 0 ,uo) _ 
u K (t,x-^) 


= 0 . 


Proof. Write u(t, x) = u K (t, x). To apply Theorern ll.31 we only need to show lim^oo 
1 , which follows from 

uo(x) uo(x) u(to,x) e -li(x-X(to)) e -K(x-X(to)-^) 

u(t 0 ,x-^) ~ u(t 0 , x) e-«(*-*(*o)) e -«(x-x(to)-^) u (to,x - ^) ’ 


and 


lim — 

x^f-oo c~ 


u(tp,x) 

K,(x—X(to)) 


thanks to Theorem o ii). 


= 1 = lim 

x —/oo 


e -«(x-X(t 0 )-l^) 
u(to,x - ^) 


□ 


Corollary 4.5. Assume (H1)-(H3). Let Kp be as in Theorem 11.11 For k G (0, tco], Zet 
u K (t,x ) 6 e the transition front in Theorem U.A Let uq : R —>• [0,1] 5e uniformly continuous 
and satisfy liminf x _ s ._ 0O ito > 0 and lim^-^oo “-Ifi = A /or so77ie A > 0. Then, there exists 
tp € R such that 


lim sup 

i-KX) xg ][J 


u(t, X] tp, Up) _ 
U K (t, x) 


= 0 . 
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Proof. Write u(t,x ) = u K (t,x). By assumption, we see that for any t £ R, there holds 
the limit lirn^oo e _f^Lx(t)) = Ae _wX W. Then, by Theorem ll.lf ii). for any t £ K, we 
have the limit lim x ^oo u(t 'x) = ^ e ~ kX ^ ■ Since X{t) is continuous, increasing and satishes 
linij^-i-oo X(t) = ± 00 , there exists a unique such that = 1, which implies 

that lim^oo = 1. We then apply Theorem 11.31 to conclude the result. □ 
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